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Abstrat
We report the exat entanglement ost of a lass of multiqubit bound entangled states, omputed
in the ontext of a universal model for multipartite state preparation. The exat amount of en-
tanglement needed to prepare suh states are determined by rst obtaining lower bounds using a
ut-set approah, and then providing expliit loal protools ahieving the lower bound.
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I. INTRODUCTION
Quantum entanglement [1℄ has emerged as a new type of physial resoure, and is the
key ingredient for quantum information proessing (QIP) tasks, inluding teleportation [2℄,
super dense oding [3℄, and seure key distribution [4℄. A physial resoure (e.g., heat energy)
is typially haraterized by a measure or unit, so that a given system ould be assigned
a physially meaningful estimate of how muh of the resoure it ontains (e.g., BTUs or
alories). The purpose of dening suh measures is operational and pratial: for example,
if we are given an amount of fuel with say 10,000 BTUs of reoverable heat energy, then one
an derive a quantitative estimate of how large a spae it an heat and what should be the
eieny of the onversion proess. One ould ask analogous questions for entanglement:
is there a measure of entanglement suh that one an use it to onvey how many units
of entanglement one an extrat from a given state, or how many units would one require
to prepare it. The ritial importane of dening suh relevant units of entanglement was
reognized early on by the QIP ommunity and a onsiderable amount of eort has been put
into it [5, 6, 7℄. Suh eorts have met with only mixed suess, and the ase of multipartite
entanglement has proven to be partiularly diult.
In the standard model for entanglement transformation, a state is shared by a set of spa-
tially separated parties, and is manipulated via loal operations and lassial ommunia-
tions (LOCC). For the ase of bipartite states, one an indeed dene a physially informative
unit referred to as the ebit, where one ebit stands for the entanglement ontent of a singlet
state. Given a bipartite state, the entanglement ost of a state is the number of singlets
required to prepare the state asymptotially, and entanglement of distillation is the amount
of pure entanglement that an be extrated per opy, also in the asymptoti sense [5, 8, 9℄
an be suitably expressed in terms of ebits.
Multipartite quantum systems, on the other hand pose onsiderable diulty in dening
and omputing a reasonable measure for entanglement. For instane, given a quantum state
omprising of N subsystems, one an group the subsystems into 2 ≤M < N, groups, where
some of the subsystems an be onsidered to be a joint subsystem in a larger Hilbert spae.
Entanglement of eah suh M-partition is in general dierent, and indeed, a state whih
may be separable under ertain partitions might be entangled in other partitions. However,
for GHZ lass of states, the redued entropy as in pure bipartite states has been shown to
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be an appropriate entanglement measure [10℄. Also a geometri measure of entanglement,
originally proposed for bipartite systems, has been generalized for the ase of multipartite
entangled states [11, 12, 13℄. The measure tries to estimate the distane in the Hilbert spae
from the losest separable states, and provides a lower bound for entanglement of formation
[14℄. This bound has been omputed [17℄ for the unlokable bound entangled states of Smolin
[15℄ and Dur [16℄. As for the entanglement ost of multipartite states, there is no proposed
general measure that an be reasonably dened and aurately estimated for a large enough
lass of states.
This letter provides an exat entanglement ost of preparing a lass of multipartite bound-
entangled states reently introdued in Ref [19, 20℄. The entanglement osts of these states
are omputed in the ontext of a universal model for multipartite state preparation: the min-
imum total bipartite entanglement required to prepare the given states via loal operations
and lassial ommuniations (LOCC) and starting from an initial state omprising only
pairwise shared bipartite entanglements. The exat osts are determined by rst omputing
lower bounds using a ut-set approah, and then providing expliit protools for preparing
the multipartite states (i.e., via LOCC and pairwise shared bipartite entanglements among
the parties) that use the same total entanglement as the lower bounds.
There are several impliations of the results in this letter worth noting: (i) To our knowl-
edge, the exat entanglement ost of any mixed multipartite entangled states, be it distillable
or bound entangled, has not been reported so far in the literature. These are rst known ex-
at entanglement ost of multipartite mixed states. (ii) For bipartite systems, the question
whether the asymptoti entanglement ost per opy an beome zero for a bound entan-
gled state has been resolved reently [18℄. The question however was open for multipartite
states, and we answer it by showing that the entanglement ost of a multipartite bound-
entangled state does not approah zero in general in the asymptoti limit. (iii) It has been
demonstrated that in bipartite systems, asymptoti manipulation is more eient than sin-
gle opy. Our result shows that in multipartite ase, even if the state involved is a mixed
one, asymptoti manipulation may not be more eient than single opy.
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II. A UNIVERSAL MODEL FOR COMPUTING THE ENTANGLEMENT COST
OF MULTIPARTITE STATES
For bipartite systems, any state preparation involves pre-shared entanglement between
the two parties whih is then manipulated via LOCC to prepare the state in question.
This an be suitably generalized for multipartite systems as well. A universal model for the
preparation of multipartite states an be desribed as follows: The spatially separated parties
start with pair-wise and independent bipartite entanglement. The parties then use LOCC
to prepare the desired state. This universal model provides a unique means of omputing
entanglement ost for multipartite states: the sum of all the pairwise ebits used in the
optimal preparation of the state. More preisely, for multi-qubit systems, let ρ be a N-qubit
state to be prepared. Suppose now ρB be another N qubit state omprising only of pairwise
bipartite entanglements having the form: ρB = ⊗
∏N
i<j σij , where, the index ij refers to the
pair of parties (i, j) sharing the state σij . Let the distillable entanglement between every
pair of parties, (i, j) be eij measured in ebits. It is lear that there always exists a ρB suh
that ρ an be prepared from ρB via LOCC (in general under asymptoti manipulations),
i.e., ρB
⊗n → ρ⊗m where m
n
→ constant as n → ∞. The entanglement ost, EC(ρ), is given
as:
EC(ρ) = min
(∑
i<j
eij
)
. (1)
That is, the entanglement ost of a multipartite state is the sum of the bipartite entanglement
between the parties minimized over all possible strategies for preparing the state. The above
denition has a straightforward generalization for a general N party system where the i− th
party holds a quantum system of dimension di. .
A ut-set (C-S) approah to Estimate lower bounds on EC
While solving the above minimization problem is not an easy task in general, alu-
lating non-trivial lower bounds is a lot more straightforward. We an use the well-known
truism that distillable entanglement aross a bipartite ut annot inrease under LOCC. If
for example, in a two-party onguration of a multipartite state one an distill n ebits of
entanglement between the two groups, then while preparing the entangled state in question,
when all the relevant parties are spatially separated, one must have had spent at least n ebits
of entanglement aross the same ut. Thus, the sum of the pairwise bipartite entanglements
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rossing the ut must be at least n ebits. By omputing distillable entanglement aross all
possible (or even a subset) of the bipartite uts, one an always obtain a lower bound on
the amount of entanglement that one needs to spend in preparing the state.
Remark 1: Note that sine distillable entanglement an only inrease in the asymptoti
ase, the lower bound on the ost is independent of whether the distillable entanglements,
used in omputing the bound, orrespond to the few-opy or the asymptoti ase. Hene,
any lower bound using the ut-set approah is also a lower bound in an asymptoti sense.
Ahieving the lower bound
The above two observations lead to the following strategy adopted in this work: (i)
Compute a lower bound on the entanglement ost of a given multipartite state, based on
the distillable entanglement aross dierent possible partitions, and (ii) then, searh for
a strategy to prepare the given state using LOCC on another state whih onsists of only
pairwise shared bipartite entanglement (i.e., ebits) suh that the total bipartite entanglement
equals the lower bound omputed in step (i).
Remark 2: If we nd a state onsisting of pairwise shared ebits from whih (even if it
is the single-opy ase) we an prepare the given multipartite state using LOCC, and the
total bipartite entanglement equals the lower bound omputed in step (i), then the bound
from step (i) is also the exat entanglement ost of the given multipartite state. That is,
even though the state is prepared using a single opy of a state omprising pairwise bipartite
entanglement, one annot do any better using asymptoti manipulations. This is beause,
the lower bound is already in the asymptoti sense (see Remark 1), and hene, if one ould
use less overall bipartite entanglement using asymptoti manipulations, then it will lead to
ontradition.
We now use the above strategy to alulate the exat entanglement ost of a general lass
of multipartite bound-entangled states.
III. ENTANGLEMENT COST FOR MULTI-QUBIT BOUND ENTANGLED
STATES
Reall that a multipartite quantum state is said to be bound entangled if there is no distil-
lable entanglement between any subset as long as all the parties remain spatially separated
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from eah other. If for suh a state, entanglement an be distilled between two parties by
bringing a subset of the other parties together, then the state is said to be an ativable bound
entangled (ABE) state. We now briey desribe a lass of Bell-orrelated ABE (BCABE)
states, introdued in [19, 20℄. First, however, we introdue few notations. The ustomary
two qubit Bell states are dened as follows:
∣∣Φ±〉 = 1√
2
(|00〉 ± |11〉) , ∣∣Ψ±〉 = 1√
2
(|01〉 ± |10〉) . (2)
Consider now a system omprising of 2N,N ≥ 2 qubits. Let |pi〉 = |ai1ai2...ai2N 〉 where
ai1 = 0, and a
i
j ∈ {0, 1}, for all j = 2, · · · , 2N suh that there is an even number of 0s
in the string ai1a
i
2...a
i
2N . Likewise, let |qi〉 = |bi1bi2...bi2N 〉 , where bi1 = 0, and bi2, ..., bi2N are
either 0 or 1 with odd number of 0s in the string bi1b
i
2...b
i
2N . One an also dene the states
orthogonal to |pi〉 , |qi〉 as: |pi〉 =
∣∣∣ai1ai2...ai2N〉 and |qi〉 = ∣∣∣bi1bi2...bi2N〉 where 〈aij|aij〉 = 0 =〈
bij |bij
〉
, ∀j = 1, ..., 2N and i = 1, ..., 22N−2. Note that the four sets of states, dened by
|pi〉's, |pi〉's, |qi〉, and |qi〉's respetively, are non-overlapping and all have same ardinality,
and they together span the omplete Hilbert spae of 2N qubit systems.
Now dene the at or GHZ basis:
∣∣Φ±i 〉 = 1√
2
(|pi〉 ± |pi〉) , i = 1, ..., 22N−2 (3)
∣∣Ψ±i 〉 = 1√
2
(|qi〉 ± |qi〉) , i = 1, ..., 22N−2 (4)
We will use the notation [·] for pure state projetor |·〉 〈·|. Let us now dene the following
2N qubit density matries:
ρ±
2N =
1
22N−2
22N−2∑
i=1
[
Φ±i
]
, σ±
2N =
1
22N−2
22N−2∑
i=1
[
Ψ±i
]
(5)
In [19℄ an interesting reursive relation was derived relating bound entangled states of 2N-2
qubits with that of 2N qubits:
ρ±
2N =
1
4
(
[
Φ+
]⊗ ρ±
2N−2 +
[
Φ−
]⊗ ρ∓
2N−2 +
[
Ψ+
]⊗ σ±
2N−2 +
[
Ψ−
]⊗ σ∓
2N−2) (6)
σ±
2N =
1
4
(
[
Ψ+
]⊗ ρ±
2N−2 +
[
Ψ−
]⊗ ρ∓
2N−2 +
[
Φ+
]⊗ σ±
2N−2 +
[
Φ−
]⊗ σ∓
2N−2) (7)
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The lass of states ρ±
2N , σ
±
2N have been shown to be ativable bound entangled in Ref
[19℄. Let us just note that the states are bound entangled when all 2N parties are separated
from eah other. This is the onguration where the entanglement ost will be evaluated.
Furthermore the set of states are onneted to eah other by loal pauli operations on
one qubit. Here we also note that if any 2N parties ome together, they an do a joint
measurement to disriminate the states
{
ρ+
2N−2.ρ
−
2N−2, σ
+
2N−2, σ
−
2N−2
}
(as they are mutually
orthogonal, one would always be able to nd suh measurements). Then it follows from
Eqs. (6) and (7), that they an reate a maximally entangled state between the remaining
two parties via LOCC. This implies there is one ebit of distillable entanglement aross evry
1 : 2N − 1 bipartite partition.
In what follows, we show that N ebits are both neessary and suient to prepare a 2N
(N ≥ 2) qubit ρ+
2N state.
A Lower Bound on Entanglement Cost
In our model, every state preparation starts from a quantum resoure state of the form:
ρB = ⊗
∏N
i<j σij , where, the index ij refers to the pair of parties (i, j) sharing the state σij .
We begin with 2N spatially separated nodes sharing suh a resoure state where eij = eji,
i, j ∈ {A1, A2, A3, ..., A2N} and i 6= j, be the bipartite distillable entanglement (measured
in ebits) present between two parties Ai, Aj. In the state ρ
+
2N , onsider the 2N, 1 : 2N − 1
bipartite uts like, Ak : {Ai,i 6= k}. Aross eah one of these uts, one an distill one ebit
of entanglement. Sine LOCC an never inrease distillable entanglement, or amount of
entanglement spent aross a ut in preparing the state should always be equal or more than
the amount of distillable entanglement aross that ut, then we must have for a ut like
Ak : {Ai,i 6= k}, ∑
i,i 6=k
eAkAi ≥ 1 (8)
We get one suh inequality from eah ut, orresponding to every party, and if we sum them
up, then we get ∑
i,k,i 6=k
eAkAi ≥ 2N (9)
Sine, eAkAi = eAiAk ,we have,
E =
∑
k<i
eAkAi ≥ N, (10)
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where E in the unit of ebits is the total bi-partite entanglement shared between all the parties.
One might be tempted to argue that the above bound has been derived from a single opy
and hene, is not an asymptoti bound. However, as stated in Remark 1, any asymptoti
manipulation an only inrease the distillable entanglement of one ebit (as obtained from a
single opy manipulation) aross any 1 : (2N−1) ut, and hene the lower bound in Eq. (10)
is a valid lower bound.
A loal protool ahieving the lower bound
We now give a protool that utilizes N pairs of singlets and LOCC to prepare ρ+
2N . In
fat, we show that a single opy of the original state, where N singlets are shared by N
disjoint pairs, is enough to prepare a single opy of the BCABE states, and no asymptoti
manipulation is neessary to ahieve the lower-bound derived above. The proof that our
protool indeed works an be seen via indution. To begin with onsider the state of four
qubits, say A, B, C and D. The following state was rst presented by Smolin [15℄ and
orresponds to our lass when N = 2.
ρ+ABCD =
1
4
(
[
Φ+
]
AB
⊗ [Φ+]
CD
+
[
Φ−
]
AB
⊗ [Φ−]
CD
+
[
Ψ+
]
AB
⊗ [Ψ+]
CD
+
[
Ψ−
]
AB
⊗ [Ψ−]
CD
) (11)
Let the pairs, (A, B), and (C, D), share a singlet eah. A and C an lassially ommuni-
ate among themselves to prepare a state |Φi〉AA⊗ |Φi〉CC randomly with equal probability.
This an be done as follows: Assume that A and C, eah of them possesses a Bell state
generator. The generators however generate idential Bell states randomly based on a string
of lassial bits that an be established a priori. A and C then an eah teleport one qubit
of the orrelated Bell states (keeping one qubit from eah state to themselves) to B and D
respetively using the shared singlets. This reates the state ρ+ABCD. Suppose now we have
two additional parties E and F and all three pairs (A, B), (C, D) and (E, F) share a singlet
among thems and they would like to prepare the following six qubit state:
ρ+ABCDEF =
1
4
(
[
Φ+
]
EF
⊗ ρ+ABCD +
[
Φ−
]
EF
⊗ ρ−ABCD +
[
Ψ+
]
EF
⊗ σ+ABCD
+
[
Ψ−
]
EF
⊗ σ−ABCD) (12)
8
Let us further note that the three other bound entangled states belonging to the same
lass an be obtained by applying an appropriate loal pauli rotation on any one of the
qubits. To begin with, A, B, C and D will prepare a four qubit state as desribed before.
Suppose E has a Bell state generator and A has a mahine that an apply a Pauli rotation
on the qubit. Furthermore, the mahines share a ommon random two bit lassial string.
Based on that lassial string E's mahine generates a Bell state and aordingly A's mahine
applies a Pauli rotation on the qubit of A. One E teleports the qubit via the singlet shared
with F, the six party state is produed among them.
It is obvious that the above strategy an be indutively extended to any number of parties
2N , for any N greater than three.
IV. DISCUSSIONS
As argued before. this result shows an interesting feature, i.e., to prepare a mixed state
in a multiparty setting even by an asymptoti manipulation one may not do better than
the single opy preparation. This is in ontrast with bipartite entanglement manipulation
where a mixed state preparation is neessarily more eient asymptotially.
In Ref. [21℄ entanglement of reation was introdued as the number of qubits per
opy exhanged between the parties to prepare the entangled state optimally. It was also
shown that entanglement of reation is equal to entanglement of formation [14℄ for bipartite
systems. For the bound entangled states onsidered in the work, let us now point out the
equivalene of our onept of entanglement ost with that of entanglement of reation. First
note that the distillable entanglement aross any ut, as measured in ebits, is always a lower
bound on the number of qubis that need to be exhanged aross the same ut. Hene, the
lower bounds derived here are also lower bounds for the entanglement of reation. Next, the
pairwise entanglements we used in our onstrutive protools are all singlets. A singlet an
be always established by sending a qubit. Hene, the states an be prepared by exhanging
the same number of qubits as the number of singlets used in our preparations. Sine the
number of singlets math the lower bounds, the atual number of qubits required to prepare
the states also equal the lower bounds. Thus, the exat entanglement of reation of our
2N-party state is also N .
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While preparing a single opy of the state, we showed how it an be done by using singlets
shared between N pairs. This of ourse not the only loal way to prepare suh state. Take
for instane the four qubit Smolin unlokable bound entangled state [15℄ whih belongs to
our lass of states when N = 2. Instead of providing two disjoint pairs with two singlets,
one an think of a square onguration where every edge has distillable entanglement equal
to 0.5. In suh a distribution, the Smolin state, an be manufatured with an eieny of 2
ebits per opy only asymptotially. A similar eieny an also be ahieved providing every
pair with states having distillable entanglement equal to 1/3. One should note that one an
now in priniple assign states with varying distillable entanglement between the parties but
suh a distribution would neessarily be ineient in the sense the ost of preparation per
opy would go up. Let us emphasize that only by providing singlets between the pairs one
an ahieve the optimal value for a single opy preparation.
Our approah has some obvious weaknesses. It relies heavily on the knowledge of exat
distillable entanglement aross all bipartite partitions of the multipartite state whih are
in general very diult to ompute. Considering an extreme ase where our approah
fails is to ompute the entanglement ost of bound entangled states that are not ativable.
Our partitioning argument does not work beause aross every partition the state has zero
distillable entanglement. However in many ases it an be omputed like our's for example
and in suh situations it might be able to provide a good lower bound.
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